Contextuality is a particular quantum phenomenon that has no analogue in classical probability theory. Given two independent systems, a natural question is how to represent such a situation as a single test space. In other words, how separate contextuality scenarios combine into a joint scenario. Under the premise that the the allowed probabilistic models satisfy the No Signalling principle, Foulis and Randall defined the unique possible way to compose two contextuality scenarios. When composing strictly-more than two test spaces, however, a variety of possible composition methods have been conceived. Nevertheless, all these formally-distinct composition methods appear to give rise to observationally equivalent scenarios, in the sense that the different compositions all allow precisely the same sets of classical and quantum probabilistic models. This raises the question of whether this property of invarianceunder-composition-method is special to classical and quantum probabilistic models, or if it generalizes to other probabilistic models as well, our particular focus being Q 1 models. Q 1 models are physically important since, when applied to scenarios constructed by a particular composition rule, coincide with the well-defined "Almost Quantum Correlations". In this work we see that some composition rules, however, give rise to scenarios with inequivalent allowed sets of Q 1 models. We find that the non-trivial dependence of Q 1 models on the choice of composition method is apparently an artifact of failure of those composition rules to capture the orthogonality relations given by the Local Orthogonality principle. We prove that Q 1 models satisfy invariance-undercomposition-method for all the constructive compositions protocols which do capture this notion of Local Orthogonality.
Introduction
Contextuality is a phenomenon that starkly reveals the difference between quantum and classical mechanics. Indeed, Kochen and Specker [1] proved that quantum mechanics is incompatible with the assumption that measurement outcomes are predetermined by physical properties independent of the context being measured. In this sense, classical theory fails at reproducing the measurement statistics obtained from operating on certain quantum systems. The original work by Kochen and Specker opened the door to different formalisations of contextuality, such as the sheaf-theoretic approach pioneered by Abramsky and Brandenburger [2] , the hypergraph-theoretic approach by pg. 1 Acín, Fritz, Leverrier and Sainz [4] , the graph-theoretic approach of Cabello, Severini and Winter [5] , and Spekkens' work on measurement and preparation contextuality [6, 7] , among others.
In this work we will consider the phenomenon of contextuality as defined in Ref. [4] , where a contextuality scenario (also known as test space [8, 9] ) refers to a specification of a collection of measurements which says how many possible outcomes each measurement has and which measurements have which outcomes in common. A contextuality scenario is hence defined by a hypergraph. This allows us to study both the jointly-measurable observables approach [2] and the phenomenon of nonlocality [10] in a unified manner within a general family of scenarios.
A primary question in this framework is that of composition, i.e. given independent contextuality scenarios, how to define the hypergraph that represents the joint state space. We here consider only those composition methods which at-minimum ensure that the allowed correlations in the joint hypergraph respect the No Signalling principle. For the case of two scenarios, Foulis and Randall [12] were the first to propose a composition rule that satisfies such properties. For multipartite scenarios, however, there is more than one way to compose the individual hypergraphs in order to capture No Signalling [4] , hence forming a family of composition methods. A curious property of the entire family is that the sets of both classical and quantum correlations allowed in a composite scenario are independent of the specific choice of composition method. A natural question then is whether this property of invariance-relative-to-composition-rule holds for all quantifiable sets of correlations, or if it is a particular feature of the classical set and quantum set.
A particular set of correlations called Q 1 (see Def. 1) has caught the attention of the community, since these correlations satisfy many quantum-like properties [4, 11] . Here, we ask whether the set of Q 1 correlations is also invariant under all composition methods which capture No Signalling. We will see that they are not, by constructing a counterexample. We will then propose a restriction on the family of composition rules to capture not only No Signalling but also the orthogonality relations provided by Local Orthogonality [17] . We show that the set of Q 1 correlations is invariant relative to the subset of composition rules compatible with this further restriction.
One of the composition rules explored in this work is defined in terms of the abstract notion of a scenario's completion (explained in 2.2). Explicitly characterizing a scenario's completion is generally a difficult task. We conjecture here, however, that the completion-based composition protocol is equivalent to a newly-defined but easy-to-compute prodocut we call the disjunctive FR-product, building on the (now disproven) Conjecture C.2.6 of Ref. [4] .
The paper is structured as follows. First we review the hypergraph formalism for contextuality scenarios [4] . In Section 2 we discuss different notions of hypergraph compositions. The full mathematical definitions of the various composition rules are, however, consigned to Appendix C, in the interest of narrative flow. In Section 3 we show that the set of Q 1 correlations in a given composite scenario depends on the particular choice of composition rule which was used. In Section 4 we discuss how to identify those constructive composition rules which capture the orthogonality relations given by Local Orthogonality, such that Q 1 models remain invariant under them.
Hypergraph Formalism
In this section we review the basics of the hypergraph formalism for contextuality laid out in Ref. [4] .
A contextuality scenario [4] is defined as a hypergraph H " pV, Eq whose vertices v P V pg. 2 correspond to the events in the scenario, i.e. the possible answers of the questions that can be asked to the system in the particular experimental setup. Each event represents an outcome obtained from a device, after it received some input or "measurement choice". Every hyperedge 1 e P E in a non-composite contextuality scenario is a collection of events representing all the possible outcomes given a particular measurement choice. Note that both measurement outcomes and measurement choices can be vector-valued, as it is naturally the case when describing the simultaneous measurement of different properties.
In the hypergraph formalism based on Ref. [4] we assume that every measurement set is complete, in the sense that if the measurement corresponding to e is performed then exactly one of the outcomes corresponding to v P e is always obtained. Note that measurement sets may have non-trivial intersection: when an event appears in more than one hyperedge, this represents the idea that the two different operational outcomes should be thought of as equivalent.
A correlation -hereafter probabilistic model -on a contextuality scenario is an assignment of a probability-indicating number to each event, p : V Ñ r0, 1s, hence denoting the relative frequency of the possible outcome of every measurement. This definition presupposes that the probability for a given event v is independent of the measurement e it is sampled from.
Since the measurements are complete, every probabilistic model p over the contextuality scenario H satisfies the normalisation condition vPe ppvq " 1 for every e P E. The set of all possible probabilistic models on a contextuality scenario is denoted by GpHq. In addition to imposing normalisation, the hyperedges also define the notion of orthogonality (a.k.a. exclusiveness) among events: v and w are orthogonal whenever there exists a hyperedge e that contains both. Orthogonal events may be understood as contradictory counterfactual possibilities; this is elaborated in Section 2.3.
Several stricter sets of probabilistic models have been studied, depending on the nature of the system and, accordingly, the rule used to assign probabilities [4] . The definitions of classical and quantum probabilistic models are briefly reviewed in Appendix A, and we denote their corresponding sets of probabilistic models by CpHq and QpHq respectively. Kochen and Specker [1] showed that there exist scenarios that admit quantum models but no classical models. More generally, however, there are many contextuality scenarios for which some models are inside the quantum set but outside the (nonempty) classical set, i.e. CpHq Ĺ QpHq for some H. This general phenomenon is referred to as (quantum) contextuality, in which the set of classical models are deemed the noncontextual models.
In this work we further focus on the set of probabilistic models called Q 1 pHq, which is particular relaxation of the quantum set. The set of all these models is denoted Q 1 pHq.
The set of Q 1 models is physically relevant in several aspects. Firstly, it is closely related to the set of "Almost-Quantum-Correlations" [11] , which in Bell scenarios satisfies all the principles 2 1 For simplicity we will refer to these hyperedges merely as edges whenever the context makes it clear. 2 With the potential exception of Information Causality.
proposed so far to try and single out quantum correlations. Indeed, the set of "Almost-QuantumCorrelations" is defined as the set of Q 1 models when applied to specific composite contextuality scenarios [4] ; we comment on this connection further in next section. Valuably, Q 1 models can be effectively characterized by a semidefinite program [4] , hence striking a nice balance between closely approximating quantum correlations and being computationally tractable.
Composition of Contextuality Scenarios
A natural question addressed in Ref. [4] is how to represent two independent systems as a single scenario, i.e. how two hypergraphs might combine into a joint one. A particular property that we demand of this joint scenario is that the allowed general probabilistic models 3 One can use elementary linear algebra to check that a candidate composite hypergraph correctly captures the No Signalling constraints. Conversely, one can check that the normalization of probability along a particular hyperedge in a composite hypergraph follows from local normalization (that is, the normalization constraints in the scenarios being composed) and No Signalling. This is accomplished in practice by expressing hypergraphs as matrices with 0/1 entries, with rows corresponding to hyperedges and columns corresponding to vertices, as we elaborate in the next few subsection.
Linear Algebra of Hypergraphs
With a slight abuse of notation, we hereafter use EpHq to denote both the matrix representation of H, and its set of hyperedges. In matrix representation, the row corresponding to a particular hyperedge is such that a "1" is assigned to a column if and only if the vertex corresponding to that column belongs to that particular hyperedge. An example of a hypergraph in matrix notation can be found in Appendix E. 
The composite normalization matrix M Normalization is defined as follows. A row in M Normalization consists of 0/1 entries, such that the rows in M Normalization are effectively hyperedges, which we call the normalization hyperedges. M Normalization is designed to capture normalization of composite vertex sets based on normalization of the local vertex sets. A normalization hyperedge hence corresponds to the vertex set Π i e k i , for some fixed set of local hyperedges e k i P E i @ i . The full normalization matrix is constructed by considering every possible tuple {e k i } i of local hyperedges.
The 
Equivalence of Hypergraphs under Completion
The reduced echelon form of a matrix representation of a hypergraph becomes useful when discussing the notion of a scenario's completion. The completion of a contextuality scenario is the hypergraph constructed by starting with that of the original scenario and then adding as hyperedges every set of vertices e V having the property that vPe V ppvq " 1 for all p P GpHq. These additional hyperedges e V present in the completion but absent in the original scenario are called virtual hyperedges.
A An example of virtual hyperedges in matrix notation can be found in Appendix E. Now, it is possible for two distinct hypergraphs to nevertheless have coinciding reduced row echelon forms of their matrix representation; this occurs if and only if the hypergraphs are equivalent up to virtual hyperedges. In this case, the hypergraphs imply precisely the same set of general probabilistic models, and hence we say that they are equivalent under completion:
The completion of a hypergraph, which we denote with overline, is the operation of adding all its possible virtual hyperedges. Equivalently, the completion may be characterized in terms of reduced row-echelon form of EpHq: it is the largest collection of hyperedges -i.e. rows made up only of zeroes and ones in matrix notation -such that the reduced row echelon is preserved, i.e. no further hyperedges can be added to H without increasing the rank of EpHq. Formally, H :" the unique hypergraph such that rref E 1 pHq " rref E 1 pHq
and E eREpHq such that rank
Since we treat every hyperedge e as a row vector, one should therefore understand e 1 appearing in Eq. (5) as simply denoting appending a single "1" onto the end of vector e.
Checking if a hypergraph is self-complete is a closed but difficult computational task 6 , except for certain special cases. For instance, if a hypegraph has only non-intersecting hyperedges then it a a-priori self-complete. The authors are not aware of any reasonable computational algorithm for constructing the completion of a generic incomplete hypergraph. In this work we will generally refer to H as an abstract idea, although we will show that the completion of composite hypegraph can be explicitly constructed given certain promises about the individual hypegraph. Note that a sufficient criterion for H 1 and H 2 to have the same completion is EpH 1 q Ď EpH 2 q together with 
The Orthogonality of Event Pairs in a Contextuality Scenario
Preliminary to an assessment of composition rules we first establish some terminology regarding orthogonality relationship between events in a contextuality scenario. A pair of events are mutually exclusive in a given contextuality scenario if both events are common to any single hyperedge. If some hyperedge in H contains both v and w then we say that v and w are orthogonal in H, which we denote Hñ vKw or vK H w. Formally,
In single-partite scenarios, events common to some hyperedge represent alternative possible outcomes of a single measurement. This generalize to composite scenarios as well, wherein orthogonality indicates the exclusivity of possibility: if vK H w then v and w are counterfactually contradictory.
As an example, imagine that an experimenter Alice chooses to perform measurements on some system 7 using a measurement apparatus which could be configured in one of two ways (see Fig. 2 ). Let the events p0|0q and p1|0q respectively indicate getting her seeing outcome zero versus obtaining outcome one from her measurement apparatus when the measurement apparatus is configured in the default setting. Let the events p0|1q and p1|1q again indicate outcomes zero and one respectively, but with the specification that Alice was using the alternative setting configuration. Then, p0|0qKp1|0q because if Alice gets outcome zero using the default setting then she could not have gotten outcome one, and vice versa. This is the sense in which orthogonal events are contradictory counterfactuals. On the other hand, if Alice gets outcome zero using the default setting it does not necessarily mean that she wouldn't have obtained outcome one if she had selected the alternative setting, and hence p0|0qMp1|1q.
As orthogonality is a strictly pairwise relationship, we can represent the orthogonality relations implied by a contextuality scenario as a simple undirected graph, which we call the orthogonality graph of H, denoted OrthoGraphpHq. One can construct OrthoGraphpHq from EpHq, but not vice versa. Formally, every node in H is a node in OrthoGraphpHq, and orthogonality pursuant to H defines the adjacency condition OrthoGraphpHq:
v" w is an edge of OrthoGraphpHq iff Hñ vKw .
Note that different contextuality scenarios, i.e. different hypergraphs, can admit identical sets of orthogonality relations, and hence can share a common orthogonality graph. In the formalism of Ref. [4] the preferred nomenclature is to speak of non-orthogonality graphs, such that v" w is in NonOrthoGraphpHq if and only if Hñ vMw. These two graphical representations of orthogonality are readily interconvertible, as they are simply graphical complements. One can conceive of a contextuality scenario H such that two events are not orthogonal according to H yet the two events are orthogonal in the scenario's completion, i.e. Hñ vMw while Hñ vKw. This occurs when v and w do not appear together in a single e P EpHq but v and w are co-members of some virtual hyperedge of H. Such hypegraphs have orthogonality relations which change under completion; an example is illustrated in Fig. 1 . These contextuality scenarios might be awkward to interpret physically; we therefore introduce notation to classify hypegraphs according to satisfaction (or lack thereof) of this property. We say that a hypegraph is ortho-stable whenever OrthoGraphpHq " OrthoGraphpHq, and ortho-unstable otherwise. Fig. 3 presents an example of an incomplete yet ortho-stable contextuality scenario. There, H consists of 6 vertices V pEq " {v i } i"1...6 and 4 edges:
It is a straightforward calculation to check that the list of virtual hyperedges in H has four elements:
The orthogonality relations given by these virtual hyperedges, however, are already imposed by EpHq. Hence, H has the same orthogonality graph as H.
When one composes multiple hypegraphs to form a single composite contextuality scenario, each event in the composite scenario is effectively a collection of local events; i.e. a global (a.k.a pg. 8 composite) event is identically the simultaneous occurrence of an event in each of the individual (a.k.a local) scenarios. We here represent composite events as a stack of local events: for example, the occurrence of the tripartite Bell scenario event
should be read as "Alice's got outcome 1 using setting 0, Bob got outcome 0 using setting 1, and Charlie's got outcome 1 using setting 1."
There is a natural notion of orthogonality for such multipartite events, namely Local Orthogonality (LO) 8 
The LO notion of orthogonality, while intuitive, is independent of the standard definition. The composite events v and w are only conventionally orthogonal if they appear together in some hyperedge in the composite scenario, and the definition of the hyperedges in the composite scenario depends on the choice of product rule used for composition! We therefore introduced the new notation v
LO
Kw for indicating that w is locally orthogonal to v, in contrast to the usual vKw for indicating conventional orthogonality.
If the set of Local Orthogonality relations between composite events is included among the conventional orthogonality relations, then we say that the composition captures LO. If the conventional relations match up perfectly with LO relations, i.e. Local Orthogonality is captured and in addition the conventional definition of orthogonality does not imply any orthogonality beyond LO, then we say that the composition faithfully captures LO. Different methods of composition, even when yielding different final composite hypergraphs, can induce a single common orthogonality graph. In particular, all compositions which faithfully capture LO share a special orthogonality graph, defined as
where˚indicates the disjunctive graphical product, also known the co-normal graphical product 9 . The definition of the disjunctive product of graphs parallels that of LO:
wn is an edge of g 1˚. ..˚g n if and only if there exists a k such that v k " w k is an edge of g k . The disjunctive graphical products is associative, in that g 1˚g2˚g3 " pg 1˚g2 q˚g 3 " g 1˚p g 2˚g3 q.
In summary, a composition faithfully captures LO if and only if the composition's orthogonality graph coincides with the faithful orthogonality graph define above.
In the following sections we will filter different candidate composition rules into those protocols which faithfully capture LO and those which do not. We will show that Q 1 models are sensitive to the choice of product rule only when the choice leads to different orthogonality relations among compositive events, such that Q 1 models are invariant relative to the subset of composition rules which faithfully capture LO.
A Hierarchy of Composition Rules
How to explictly construct a joint scenario H AB from two individual ones H A and H B in such a manner as to correctly capture No Signalling and normalization was elegantly solved by Foulis and Randall [12] , via their Foulis-Randall product:
Although we will consider of a variety of distinct protocols for composing multiple pn ą 2q individual ones, it is important to note that almost 10 the entire plethora of multipartite composition methods reduce to precisely the same protocol when considering pn " 2q, namely the unambiguous bipartite FR-product, whose definition is presented in Appendix B.
The result by Foulis and Randall, however, is not the ultimate answer to the problem, because the FR-product is not associative when considering more than two contextuality scenarios. Different associative extensions of FR b were explored in Ref. [4, Appendix C] . In this work we comment primarily on five (associative) hypergraph composition protocols:
. and the completed FR-product, denoted b. In the interest of focusing on new results, and since most of the five protocols have already been introduced in Ref. [4] , we relegate all definitions of the individual protocols to Appendix C.
Each choice of product in the list gives rise to its own form of composite hypergraphs. Importantly, the five protocols form a well-ordered hierarchy of equivalent-under-completion hypergraphs, per Prop. 1 in Appendix D. Formally,
At the same time
consistent with the equivalence of all five composition protocols under completion. The representation of Bell scenarios as contextuality scenarios also depends on the choice of composition rule, although no ambiguity arises until the Bell scenario consists of at least three parties. We denote the hypergraph representation of a Bell scenario by B prod n,m,d " pV, Eq, where n is the number of parties, m the number of measurements they choose from, d the number of outcomes each of those measurements has, and prod the choice of hypergraph product. As far as general models, classical models, and even quantum models are concerned, the choice or product is totally irrelevant, as proven in Ref. 
For such models, then, all choices of product give rise to observationally equivalent scenarios. Invariance under choice of product cannot be expected for all models, however. In particular, in the next section we show that Q 1 models are observationally distinct between the minimal FR-product and the common FR-product. Indeed, we explicitly confirm that
On the other hand, we prove that Q 1 models are invariant relative to the choice of
such that the forthcoming results in Sec. 3 may be summarized as finding
An important motivation to study Q 1 models is that the set of Q 1 models coincides with that of the "Almost-Quantum-Correlations" [11] for the joint scenario generated by . In Sec. 3 we will see that Q 1 does depend on the choice of product, although in Sec. 4 we will argue that restricting tocomposition rules which capture LO renders that subset observationally equivalent as far as Q 1 models are concerned.
Q 1 Models in Multipartite Composite Systems
In this section we show that the set of Q 1 models may depend on the choice of multipartite product, i.e. the choice of composition protocol. The bipartite case is mostly (but not entirely) trivial, because in that case the composite hypergraphs pursuant to any protocol min b through disj b all coincide. Obviously, if two product choices both yield the same exact scenario, they will also yield the same set of Q 1 models, trivially. We therefore begin by exploring the next simplest case, namely three parties. We hereafter consider those composite Bell scenarios where each of the three parties has two disjoint dichotomic measurements, i.e. Bell scenarios which -while composition-rule-dependent -are all of the family B prod 3,2,2 .
The Different Compositions of the 3 Parties
Firstly note that, regardless of the choice of product, B 
to a choice of measurement for the remaining party. Note that this function f must be nontrivial (i.e. it should not be a constant), since otherwise we would recover a hyperedge of type (i). There are hence 2
4´2 " 14 such functions. The total number of hyperedges in B min 3,2,2 is then 8`3˚4˚14 " 176.
Since we always have a hierarchy of hypergraphs per Eq. (10), we also always have a hierarchy of allowed probabilistic models. We begin by a-priori recognizing that surely
Observational Equivalence of Q 1 Models from Common to Disjunctive FRProducts
Before showing dependence of Q 1 on composition rule, however, we pause to show that the choices of composition methods between (and including) the common product and the disjunctive product are observationally equivalent regarding the set of Q 1 models. That is,
holds in general, even for arbitrary contextuality scenarios, i.e. the invariance of Q 1 models under such products is not limited to Bell scenario. The proof is discussed below. Per Ref.
[4, Prop. 6.3.2], a probabilistic model p P GpHq is in Q 1 if and only if ϑpNonOrthoGraphpHq, pq " 1, where ϑpg, pq refers to computing the Lovász theta function of a vertex-weighted graph, here NonOrthoGraphpHq with vertices weighted by probabilities. We now invoke the result of Prop. 4 from Appendix D, namely that all composition methods between the common product and the disjunctive product yield the same non-orthogonality graph, namely the complement to the faithful orthogonality graph introduced in Sec. 2.3. Given that those composition rules share the same (non-)orthogonality graph, it follows that all such composition methods allow precisely the same set of Q 1 models.
Consequently, to positively illustrate nontrivial product-choice dependence for Q 1 models we focus our efforts on finding a difference between the Q 1 models allowed by the minimal FR-product Q 1 pB min 3,2,2 q and those allowed by the common FR-product Q 1 pB comm 3,2,2 q.
Inequivalence of Q 1 Models from Minimal to Common FR-Products
A novel result is that Q 1 pB min n,m,d q allows strictly more Q 1 models than the other composition protocols. We demonstrate the observational inequivalence of Q 1 pB min 3,2,2 q and Q 1 pB comm 3,2,2 q by maximizing various linear functions of conditional probabilities over both sets, with the proof hinging on finding functions where the maximum over Q 1 pB min 3,2,2 q is strictly larger than the maximum of Q 1 pB comm 3,2,2 q. We limit our attention to linear (as opposed to polynomial) functions, because linear functions are especially amenable to optimization via semidefinite programming (SDP).
Semidefinite programming powers all the results presented below, because we leveraged the characterization of Q 1 models in terms of a semidefinite program given in Ref. [ [14] .
As a first illustration, we contrast the maximization of the Guess Your-Neighbour's-Input linear function 11 [14] by Q 1 models as admitted by the B hypergraph. While the supremum of this linear function is unity in Q 1 pB comm 3,2,2 q, we find that in Q 1 pB min 3,2,2 q it can be maximized further, up to 1.15636. The Guess Your-Neighbour's-Input inequality is not the only inequality one can use to show that Q 1 pB min 3,2,2 q ‰ Q 1 pB comm 3,2,2 q. We probe the entire set of 46 tripartite Bell inequalities representing every symmetry class of facets defining the local polytope in the p3, 2, 2q Bell scenario 12 introduced in Ref. [15] . These 46 inequalities have a rich history as benchmarks for exploring sets of probabilistic models [3, 15, 16] . We find that while most of the 46 inequalities yield the same maximum over both Q 1 pB min 3,2,2 q and Q 1 pB comm 3,2,2 q, several do not. Table 1 presents those inequalities which witness Q 1 pB min 3,2,2 q ‰ Q 1 pB comm 3,2,2 q. Recall that the set of Q 1 addmited in composition scenarios resulting from the common FRproduct are identically the "Almost-Quantum-Correlations" [11] , as discussed at length in Sec. 6.4 of Ref. AFLS. Accordingly, the bounds appearing in Table 1 may all be found in Ref. [16] (which studied tripartite Almost Quantum Correlations) excepting those pertaining to Q 1 pB min 3,2,2 q. The classical and GPT bounds for C and G respectively are easily computed analytically, using linear programming. The quantum bounds are calculated by optimizing over projective measurements on qubits 13 without loss of generality [19] .
11 Maximizing a linear function is equivalent to determining the maximum violation of a linear inequality. 12 The local polytope, i.e. the set of classical probabilistic models, may be defined regardless of the choice of composition rule, per Eq. (13) . 13 The Bell operator can be encoded as a measurement operator, such that the quantum maximum is given by the largest-possible eigenvalue. Each party's pair of measurement bases can be distinguished by a single real parameter, i.e. the Bloch-sphere angle between the two measurement choices. The computational task is therefore eigenvalue maximization of a matrix with three free variables, and is easily tractable numerically to arbitrary precision. See Ref. [20] for further details.
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This case study of B prod 3,2,2 shows that sometimes Q 1 pHq Ľ Q 1 pHq, because Q 1 pB min 3,2,2 q was found to be strictly larger than Q 1 pB 3,2,2 q, and B 3,2,2 is -by definition -the completion of B min 3,2,2 . We intuit that this is the case in general, i.e. we speculate the following: Further evidence for this conjecture is presented in in Appendix E, where we contrast a contextuality scenario consisting of 8 hyperedges with its completion, which has 12 hyperedges, such that the two hypergraphs have different orthogonality graphs. We show that for the Bell inequality (26), correlations in Q 1 pHq achieve a maximum value of 1.02325, whereas those in Q 1 pHq reach 1.15324.
Q 1 models and Local Orthogonality
In the previous section we have noted that although different composition methods are observationally equivalent as far as classical, quantum, and general probabilistic models are concerned, nevertheless Q 1 probabilistic models are not observationally invariant between some of these compositions. We now discuss how this dependence of Q 1 models on the choice composition rules is related to Local Orthogonality.
Per. Ref. On the other hand, the composite scenarios that arise from the minimal FR-product generally do not capture LO 14 . To see this, let us briefly review the definition of minimal product pursuant to Def. 5 in Appendix C. A hyperedge in min b k H k may be thought of as a protocol where all but one of the parties (say, the k th ) choose a measurement e i P EpH i q, and the remaining party chooses their measurement e k P EpH k q as a function of the outcome of the other parties.
Consequently, the set of events common to any hyperedge of min b k H k cannot differ in their multipartite measurement choices by more than variation of a single party's measurement choice. On the other hand, a pair of events with only a single measurement choice in common can be locally orthogonal. Hence, the minimal product cannot impose all the LO orthogonality constraints for scenarios composed by more than two parties. For example, the minimal product B min 3,2,2 cannot capture the local orthogonality relation
The failure of min b to capture LO provides further insight on why Q 1 models vary relative to the choice of composition rule. This can be seen from the alternative characterization of Q 1 purely in terms of the non-orthogonality graph of H, discussed in the previous section.
14 The minimal FR-product is not the only composition rule that fails to capture LO. One can think of intermediate composite scenarios between 
Towards a Sensible Composition Rule
The work of Ref. [4] focused on those composition protocols wherein the resulting composite scenario allows only for probabilistic models that respect the No Signalling principle. Here we argue that, in addition, one should ask the composition rule to capture the orthogonality relations defined by Local Orthogonality.
First, notice that the local orthogonality of a pair of events in a composite scenario is an objective operational fact, having nothing to do with the nature of the composition rule employed. Rather, local orthogonality is a natural way of saying that two events represent contradictory counterfactual possibilities simply by virtue of any counterfactual conflict, regardless of where the conflict is localized. For example, surely the two events Since orthogonality of events is encoded in the language of composite-scenario hyperedges, it is only natural to ask that sensible composition rules ensure that events which are objectively contradictory counterfactual possibilities (by virtue of Local Orthogonality) are recognized as appropriately orthogonal in the composite scenario. As we have seen, however, the minimal FRproduct fails to capture LO.
We argue that an even stronger condition should be met, namely that events should be orthogonal in the composite scenario if and only if the events are also locally orthogonal, i. Per Section 3.2, it is clear that the set of Q 1 models is invariant relative to all composition rules which faithfully capture LO.
Which multipartite FR-product rules among those which faithfully capture LO) emerges as the most ideal? Well, if one desires that the composite scenario should be self-complete, then this suggests working with the disjunctive protocol. If, however, minimality by hyperedge count is prioritized over near-self-completeness, then one would prefer the common FR-product. We are not aware, however, of any compelling reason to prioritize one choice over the other.
Conclusions
In this work we explore different ways to compose multipartite contextuality scenarios, and the sets of correlations allowed by the different composition rules. Classical, quantum and general probabilistic models are invariant under the choice of composition rule within this family, but we have seen that this invariance does not extend to all other sets of models, as illustrated by Q 1 models behaving differently under The dependence of Q 1 models on composition rule disappears, however, when we restrict our attention to the subset of composition rules which capture Local Orthogonality. This not only highlights the importance of LO, but arguably suggests a more correct way to define the composition of multipartite contextuality scenarios.
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A Probabilistic Models
Several sets of probabilistic models have caught considerable attention [4] , including the set of quantum models and the set of classical models. Each set is defined by a rule for assigning probabilities based on the nature of the underlying supposed physical system. We do not aim to provide a full review in these notes. Instead, we present compact definitions of the two important sets not defined in the main text. [4, 4.1.1] Let H be a contextuality scenario. An assignment of probabilities p : V pHq Ñ r0, 1s is a classical model if and only if it can be written as
Definition 2. Classical models
where the weights q λ and deterministic models p λ P GpHq satisfy
The set of all these models is denoted CpHq. 
The set of all quantum models is the quantum set, denoted QpHq.
In the case of Bell scenarios, this definition accords with the usual one of quantum correlations [4] , meaning that each global measurement represented by the projectors {P v } vPe can consistently be expressed as a product of local projectors, one for each party, such that the projectors for different parties commute and are properly normalised. For instance, in a bipartite Bell scenariô P ab|xy "P a|xPb|y , where rP a|x ,P b|y s " 0 for all a, b, x, y and aPa|x " 1 H (similarly bPb|y " 1 H ).
B The Foulis-Randall Product of 2 Contextuality Scenarios
Here we review the binary composition rule suggested by Foulis and Randall [12] .
As an example, consider the situation where we have two parties, Alice and Bob, each performing space-like separated local actions on their share of a system. Locally, each party is characterised by the contextuality scenario of Fig. 4(a Fig. 4(b) ). At first one could think such a choice to be arbitrary, but actually it is this choice of product that guarantees that the probabilistic models allowed in the joint scenario H AB satisfy NS; in other words, the set of probabilistic models GpH AB q coincides with the bipartite nonsignalling polytope.
Indeed, constraint (23) imposes NS from Bob to Alice, and constraint (24) NS from Alice to Bob. For a full explanation of why this is so, see Prop. 3.1.4 of [4] . Here, we will discuss the idea with an example. Consider the CHSH scenario of Fig. 4(b) . There, both are hyperedges of the set given by (23). In the latter, Bob chooses hyperedge e B " {p0|0q, p1|0q} when Alice's outcome is p0|0q, and hyperedge e 1 B " {p0|1q, p1|1q} when her outcome is p1|0q. Now, since probabilistic models are normalized for each hyperedge, it follows that p
1|1 , i.e. that Alice's marginal distribution p A p1|0q does not depend on Bob's choice of measurement.
C Composition Protocols for Multipartite Contextuality Scenarios
The FR-product, however, is not associative, and hence cannot be used to tackle the problem of multipartite composition of contextuality scenarios. Different multipartite extensions were explored in [4] , and in what follows we review three of them: The minimal FR-product, the common FR-product, and the maximal FR-product. We also introduce a new composition protocol pg. 18 that we call the disjunctive FR-product. [4, 3.3.2] The minimal Foulis-Randall product min b
Definition 5. Minimal FR-product
and k E k as its set of edges, where the elements of E k indexed by party k " 1, . . . , n are of the form One such measurement in E k can be interpreted as follows: each party i ‰ k starts by conducting their measurement e i . These parties then announce their joint outcome v 1 to the remaining party k, who conducts a measurement f p v 1 q chosen as a function of the previous joint outcome. These hyperedges, hence, impose No Signalling constraints from any single party to the rest.
The minimal product may also be described in an intuitive way, in terms of simple scenarios that we define in the following. First, given a set of contextuality scenarios {H 1 , . . . , H l } one can define their simplest composite scenario H sim as that with V pH sim q " i V pH i q and EpH sim q " i EpH i q, i.e. both the vertex set and the edge set of H sim are the tensor product of the individual vertex and edge sets respectively. This simple composition rule, sim b, does not capture No Signalling, and is therefore of limited utility. However, the hyperedges in the minimal product scenario may be understood as elements of set E AÑB constructed in the definition of the bipartite FR-product, where now B consists of one scenario H k , and A denotes the joint simple scenario sim b k composed by the remaining n´1 scenarios {H 1 , . . . , H n }zH k . The collection of hyperedges that arise from this construction E AÑB , for a particular k, defines the set Ep sim b k Ñ kq. Hence,
Definition 6. Common FR-product [4]
The common Foulis-Randall product comm b
and its edge set is the union of the edge sets from all the possible iterated binary Foulis-Randall products among {H i }.
The hyperedges in the common product have an operational interpretation in terms of correlated measurements. A correlated measurement is defined by a fixed order of the parties i 1 , . . . , i n , and a function f j for each party j, such that the k-th party in the protocol chooses a measurement e i k P EpH i k q as a function of the outcomes of the previous parties in the protocol (i.e. e i k " f i k pv i 1 , . . . , v i k´1 q), obtains an outcome v i k P e i k , and communicates it to the remaining n´k parties i k`1 , . . . i n .
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To illustrate the difference between the minimal and the common product scenarios, consider the tripartite Bell scenarios B . There, Alice chooses the measurement {p0|0q, p1|0q}. The next party in the protocol is Bob: if Alice obtains outcome p0|0q he performs measurement {p0|0q, p1|0q}, and if she obtains outcome p1|0q he performs measurement {p0|1q, p1|1q}. Finally, Charlie chooses and performs a measurement: he chooses measurement {p0|0q, p1|0q} unless both Alice's outcome is p1|0q and Bob's is p1|1q, in which case he chooses {p0|1q, p1|1q}.
Notice that the hyperedge e cannot belong to EpB min 3,2,2 q. This is because more than one party's measurement choice vary among the events in e.
Finally, before presenting the maximal product, we need to introduce the notion of a measurement protocol [4, 13] : [4, 3.3.4] Let S be a set of parties. A measurement protocol P for S consists of the following data: 1. if S " H, the unique protocol is P " H, 2. otherwise, the protocol is a triple P " pk, e, f q, where k P S is a party, e P EpH k q is an edge, and f is a function assigning to each vertex v P e a measurement protocol f pvq on Sz{k}.
An outcome of a measurement protocol P for all parties S has exactly one component in each V pH i q for each i P S, so that it can be regarded as an element of iPS V pH i q. Now we can define the maximal FR-product: Operationally, each hyperedge in max b has the form of a correlated measurement where the order of the parties is adapted dynamically throughout the protocol [13] .
To illustrate the difference between the common and the maximal product scenarios, consider the tripartite Bell scenarios B 
There, Alice initiates the protocol by choosing the measurement {p0|0q, p1|0q}.
-When her outcome is p0|0q, the next party in the protocol is Bob, and he chooses the hyperedge {p0|0q, p1|0q}. The third party in the protocol is then Charlie. When Bob's outcome is p0|0q he chooses the hyperedge {p0|1q, p1|1q}, and otherwise {p0|0q, p1|0q}. -When Alice's outcome is p1|0q, the second party in the protocol is Charlie, and he measures {p0|1q, p1|1q}. The third party in the protocol is then Bob. When Charlie's outcome is p0|1q he chooses the hyperedge {p0|1q, p1|1q}, and otherwise {p0|0q, p1|0q}.
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This hyperedge e does not belong to EpB comm 3,2,2 q, since it cannot arise from a measurement protocol where the order of the parties is fixed.
The disjunctive FR-product is motivated by Local Orthogonality relations (see Sec. 2.3), and is meant to be a generalization the disjunctive graphical product introduced in Sec. 2.3 to a product rule for hypegraphs. The disjunctive hypergraph FR-product is constructed as follows: First, construct the faithful orthgonality graph using the standard disjunctive graphical product per Eq. (9), and identify all cliques of mutually-adjacent vertices in the faithful orthogonality graph. Each such clique defines a candidate hyperedge e. Next, we filter this candidate pool by accepting a candidate hyperedge into the composite scenario if and only if that hyperedge is a linear combination of the normalization hyperedges and the No Signalling equalities, as defined by the normalization and No Signalling matrices introduced in Section 2 of the main text. 
.
This hyperedge e does not belong to EpB max 3,2,2 q, since there is no party that may act as the initial one in the measurement protocol, i.e. with a fixed choice of hyperedge e k P EpH k q. in the protocol to explain the final divergence. Each branching point in a protocol is an instance of Local Orthogonality, i.e. a party performing a local measurement e j and obtaining different outcomes. Therefore every event in a hyperedge corresponding to a measurement protocol must be locally orthogonal to every other even in the hyperedge.
D Propositions and Proofs
Proposition 2. The disjunctive FR-product has the same completion as the other FR-products, i.e. min b i H
as all virtual hyperedges which can be expressed as e V " e`ns where e P L q and, as usual, ns P M NoSignalling . Showing that every virtual hyperedge of disj b i H i belongs to L qÑinf would hence constitute a proof of Conj. 2; assessing whether or not all virtual hyperedges fall into this hierarchy is deferred to future work.
Finally, we emphasize the importance of the qualifier "whenever the individual hypergraphs being composed are themselves self-complete" in Conj. 2. Note that all the virtual hyperedges of an incomplete H k would translate into virtual hyperedges of M Normalization without any reference to M NoSignalling , and hence we expect virtual hyperedges beyond those in L qÑinf , i.e. outside the hierarchy built up via successive applications of No Signalling. Indeed, if any individual hypergraph H k is ortho-unstable, then the composition disj b i H i is also ortho-unstable, and hence certainly not self-complete.
E Simple Example that Q 1 Changes Under Completion
The question that we explore in this section is whether there exists a contextuality scenario H such that Q 1 pHq Ĺ Q 1 pHq. Indeed, the findings in the previous section show that this is actually the case, by taking H " B 1,2,2 min b B 1,2,2 min b B 1,2,2 . We therefore shift our focus to try and find a simpler example of the fact. For that, we consider now a CHSH type of scenario, that is two parties, Alice and Bob, each acting locally on a contextuality scenario H A " B 1,2,2 and H B " B 1,2,2 . Now define two joint scenarios as follows.
Let the first join scenario H 1 pV, Eq have vertex set V pH 1 q :" V pH A qˆV pH B q and hyperedge set EpH 1 q :" 
